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ABSTRACT
Context. Many ellipticals are surrounded by round stellar shells probably stemming from minor mergers. A new method for con-
straining gravitational potential in elliptical galaxies has recently been suggested. It uses the spectral line profiles of these shells to
measure the circular velocity at the edge of the shell and the expansion velocity of the shell itself. MOND is an alternative to the dark
matter framework aiming to solve the missing mass problem.
Aims. We study how the circular and expansion velocities behave in MOND for large shells.
Methods. The asymptotic behavior for infinitely large shells is derived analytically. The applicability of the asymptotic results for
finitely sized shells is studied numerically on a grid of galaxies modeled with Sérsic spheres.
Results. Circular velocity settles asymptotically at a value determined by the baryonic mass of the galaxy forming the baryonic Tully-
Fisher relation known for disk galaxies. Shell expansion velocity also becomes asymptotically constant. The expansion velocities of
large shells form a multibranched analogy to the baryonic Tully-Fisher relation, together with the galactic baryonic masses. For many
– but not all – shell galaxies, the asymptotic values of these two types of velocities are reached under the effective radius. If MOND is
assumed to work in ellipticals, then the shell spectra allow many details of the history to be revealed about the formation of the shell
system, including its age. The results pertaining to circular velocities apply to all elliptical galaxies, not only those with shells.
Key words. Gravitation – Galaxies: kinematics and dynamics – Galaxies: peculiar – Galaxies: elliptical and lenticular, cD – Galaxies:
individual: NGC 410, NGC 3099, NGC 3923, NGC 7600
1. Introduction
Stellar shells are arc-like features observed predominantly in el-
liptical galaxies (Malin & Carter 1983; Tal et al. 2009; Ramos
Almeida et al. 2011; Krajnovic´ et al. 2011; Atkinson et al.
2013). They are believed to be mostly remnants of minor galac-
tic mergers (Quinn 1983, 1984; Dupraz & Combes 1986; Hern-
quist & Quinn 1988, 1989), although other formation scenarios
were proposed (the major merger, Hernquist & Spergel 1992,
the weak interaction model, Thomson & Wright 1990; Thomson
1991, the space wrapping, Hernquist & Quinn 1987). Shells can
take on various appearances, but the axially symmetric systems
(so-called Type I shell galaxies, Wilkinson et al. 1987) are par-
ticularly easy for studying analytically. We therefore speak only
about this type hereafter and assume that they come from a mi-
nor merger. They are probably the results of an almost exactly
radial collision of a small galaxy (the secondary) with a larger
and more massive galaxy (the primary). The primary survives
the merger almost intact, but the secondary gets tidally disrupted.
Shells are density waves made of stars originating in the sec-
ondary that are reaching their apocenters. New shells gradually
appear near the center of the primary and expand. Their radii
(neglecting their low ellipticity) are determined only by the po-
tential of the host galaxy and the time since releasing the stars
from the secondary. A short recent review of shell galaxies can
be found in Bílek et al. (2014b).
Shell kinematics offer a way to investigate the potential of
elliptical galaxies up to large radii (Ebrová et al. 2012; Sander-
son & Helmi 2013; Fardal et al. 2012), in some cases up to
∼100 kpc, where the shells occur. Jílková et al. (2010) predict
that absorption and emission lines in the spectra of shells have
a quadruple-peaked profile (see Fig. 1). The separations between
the peaks directly imply the circular velocity at the edge of the
shell and the expansion velocity of the shell itself (Ebrová et al.
2012), see Fig. 1. However, these observations seem to be just
out of reach of current instruments (see chapter 13.4 in Ebrová
2013). The main problem is the faintness of shells. The brightest
known shells have around 24 mag arcsec−2 in the R band. The re-
quired spectral resolution is tens of km s−1 (see Fig. 16 in Ebrová
et al. 2012). Observing them will hopefully be feasible with the
next generation of instruments, such as WEAVE/William Her-
schel Telescope or OPTIMOS-EVE/E-ELT (Westfall & Sander-
son 2014).
MOND (MOdified Newtonian Dynamics) was proposed by
Milgrom (1983b) to solve the mass discrepancy problem with-
out the need for galactic dark matter (Milgrom 2001, 2014b,a;
Famaey & McGaugh 2012). It suggests that the laws of dynam-
ics deviate from those deduced from solar-system-conducted ex-
periments for very low accelerations. MOND postulates that
1) an additional fundamental physical constant a0 exists with
the dimension of acceleration, 2) the departure from Newtonian
dynamics occurs for accelerations (any physical quantity with
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the dimension of m s−2) that are lower than about a0 (the so-
called deep MOND regime), and 3) in the deep-MOND regime,
if a system of bodies on trajectories (r, t) conforms to the dy-
namical equations of a MOND theory, then the system on tra-
jectories λ(r, t) must also conform to these equations (so-called
space-time scaling invariance). The theoretical motivation for
such a modification is unknown. MOND can be interpreted as
a modification of gravity or as a modification of the law of iner-
tia. A recent review of the theoretical aspects of MOND can be
found in Milgrom (2014b). It is often assumed in MOND that
the motion of a test particle in the field of an isolated spherically
symmetric galaxy satisfies the algebraic relation
aN = aµ (a/a0) . (1)
Here a denotes the actual kinematic acceleration of the particle,
aN the gravitational acceleration calculated in the classical New-
tonian way, and µ the MOND interpolating function. Its precise
form is unknown, but it has to obey the limiting constraints
µ(x) ≈
{
x, x  1
1, x  1. (2)
In more general situations, we must opt for one of the MOND
theories and use its equations (Famaey & McGaugh 2012; Mil-
grom 2014b). In some versions of MOND, the acceleration of
a particle even depends also on the motion history of the par-
ticle. This is, for example, the case of modified inertia theories
(Milgrom 2014a).
In this paper we investigate what MOND predicts about the
quantities that shell spectra will allow us to measure: the circu-
lar velocity at the edge of the shell and its expansion velocity.
Since the dynamics in MOND is determined by the distribution
of observable matter (still assuming Eq. 1), the separations of the
spectral profile peaks are also determined by the distribution of
the observable matter. Such behavior is not a priori required in
the dark matter framework.
The paper is organized as follows. In Sect. 2, we recall
the derivation of the formula for shell expansion velocities. In
Sect. 3, we analyze the asymptotic properties of the two veloc-
ities that shell spectral line profiles enable us to measure. More
specifically, we focus on the circular velocity in Sect. 3.1 and
on the shell expansion velocity in Sect. 3.2. We study the valid-
ity of the results from Sect. 3 for finitely sized shells in Sect. 4,
describing our numerical procedure in Sect. 4.1 and applying it
to the circular velocity in Sect. 4.2 and the shell expansion ve-
locity in Sect. 4.3. If MOND is supposed to be correct, then it
is possible to determine the serial numbers of shells from the
spectral line profiles. This fact and its implication for recovering
the shell system formation history is briefly discussed in Sect. 5.
The asymptotic shell and circular velocities are calculated for
several observed shell galaxies in Sect. 6 as an example. Finally,
we summarize in Sect. 7.
2. Formula for the shell expansion velocity
Here we review the derivation of the formula for calculating the
shell expansion velocity in a general gravitational potential with
spherical symmetry. We denote t as the time elapsed since the
passage of the secondary though the center of the primary. Since
the shells are made of stars near their apocenters, the radius of
the n-th shell, rn, is approximately given as (Hernquist & Quinn
1987)
t = (n + Θ) P [rn(t)] , (3)
Fig. 1. Example of a shell spectral line profile. The separation D1 is
proportional to the circular velocity at the edge of the shell and D2 to
the expansion velocity of the shell. See Ebrová et al. (2012) for details.
where the shell serial number n = 0, 1, 2, . . . denotes the number
of finished whole oscillations since the first pericenter of the star.
An oscillation is the movement between two subsequent peri-
centers. The variable Θ, where 0 < Θ < 1, is the phase of the
oscillation at t = 0. The duration of one oscillation for a star on
a radial orbit with the apocenter at the radius r in a spherically
symmetrical gravitational potential φ is given by
P(r) =
√
2
∫ r
0
[
φ(r) − φ(x)]−1/2 dx. (4)
If the star was released from the secondary in the primary’s cen-
ter, then its initial phase is Θ = 1/2. In MOND, small sec-
ondaries are expected to be disrupted gradually during the ini-
tial infall (Milgrom 1988; Brada & Milgrom 2000). The initial
phase may differ for individual stars for this reason. The effect
of this process on shell positions has never been investigated in
detail. However, if the secondary is more cohesive, then the ma-
jority of stars are released from the secondary during its pas-
sage through the primary’s center; i.e., all the stars have approx-
imately Θ = 1/2. This is probably the case for the rich shell sys-
tems (see Sect. 6.4 of Bílek et al. 2014a) possessing more than
about seven shells. We assume Θ = 1/2 hereafter. Then Eq. 3
takes the form
t = (n + 1/2) P [rn(t)] , (5)
which is twice the free-fall-time from the radius r. This equa-
tion is only approximate for the shell’s edge position (Dupraz &
Combes 1986; Ebrová et al. 2012; Bílek et al. 2013), but it is suf-
ficiently accurate for calculating shell expansion velocities (see
Ebrová et al. 2012, Tab. 2). The expansion velocity of the n-th
shell at the radius r can be obtained from Eq. 5 by differentiation
with respect to t (Quinn 1984)
ve,n(r) =
1
(n + 1/2)P. (r)r.
. (6)
This is the equation we use for calculating the shell expansion
velocities throughout the paper.
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3. Asymptotic properties of the circular and shell
expansion velocities in MOND
In the following section, we are interested in the MOND im-
plications for the spectral line profiles of the shells with a very
large radius. Throughout the paper, we assume that it is possi-
ble to construct the gravitational potential φ in MOND so that
bodies move in it by obeying the standard equation of motion
−∇φ = a. This excludes the nonlocal MOND theories (Milgrom
2014a). We adopt the value of the MOND acceleration constant
a0 = 1.2 × 10−10m s−2.
3.1. Shells allow verifying the baryonic Tully-Fisher relation in
elliptical galaxies
In the dark matter framework, the baryonic Tully-Fisher (TF) re-
lation between the asymptotic (r → ∞) circular velocity and the
baryonic mass of the galaxy has still not been fully explained.
It does not naturally arise in the cosmological simulations. To
match the theory with observations, one must artificially intro-
duce fine tuning between DM and baryonic processes (e.g., Vo-
gelsberger et al. 2014). Because of the different formation his-
tories of elliptical and disk galaxies (Mo et al. 2010), it would
be surprising if disk and elliptical galaxies lay on the same TF
relation in a universe dominated by dark matter. On the other
hand, MOND theories firmly predict that the circular velocity of
a test particle asymptotically reaches a value given by the bary-
onic mass of the galaxy, M, regardless of its formation history.
The asymptotic circular velocity in MOND reads as (Milgrom
1983a)
Vc =
4
√
a0GM. (7)
The validity of the baryonic TF relation expressed by Eq. 7
has been verified many times in disk galaxies (McGaugh et al.
2000; McGaugh 2011), but its tests in elliptical galaxies are rare
(Davis et al. 2011) owing to the lack of rotating potential trac-
ers. The gravitational potential in ellipticals is most frequently
investigated by Jeans analysis. This method does not allow the
potential unequivocally to be recovered because of our ignorance
of the anisotropy parameter. Shell spectra do not suffer this in-
sufficiency. When they do become available, they will enable us
to directly measure the circular velocity and to test the baryonic
TF relation.
3.2. Mass vs. shell expansion velocity relation in MOND
The other quantity that shell spectra allow us to measure is the
expansion velocity of the shell. Given a potential, we can pre-
dict the expansion curve (i.e., the shell expansion velocity as
a function of the galactocentric radius) exploiting Eq. 6. The ex-
pansion velocity of a shell depends on the whole profile of the
gravitational potential from the center of the galaxy up to the ra-
dius where the shell edge is located and the serial number of the
shell. Similar to in the case of the asymptotic circular velocity,
the deep-MOND space-time scaling invariance also implies that
the shell expansion velocity becomes asymptotically constant.
If we investigate the oscillation period at the radius r, we can
calculate the shell expansion velocity using Eq. 6.
The gravitational acceleration in MOND is a =
√
GMa0/r
for large radii r and the gravitational potential is
√
GMa0 ln r +
φ0. According to Eq. 4 for this logarithmic potential the oscilla-
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Fig. 2. Example of an expansion curve, which is the expansion ve-
locity of a shell as a function of the galactocentric radius. This curve
is drawn for the shell number 1 and the gravitational potential of a
de Vaucouleurs sphere (Sérsic sphere with index 4). The baryonic mass
of the sphere is 1011 M, and it has the effective radius of 5 kpc. The
curve asymptotically reaches the value given by Eq. 10 indicated by the
dashed line.
tion period is
P(r) =
√
2pi
4√GMa0
r. (8)
But the real potential of a galaxy differs from this logarith-
mic one near the center. However, recall that P(r) is twice the
free-fall time. We can see that a particle falling from a very
large radius can reach arbitrarily high velocity when it reaches
0.8
1.0
1.2
1.4
1.6
1.8
2.0
2.2
2.4
10 10.5 11 11.5 12
lo
g
(V
e
,n
[k
m
/
s]
)
log(M [M⊙])
lo
g
(V
e
,n
[k
m
/
s]
)
n = 0
n = 1
n = 2
n = 3
n = 4
n = 5
n = 6
n = 7
Fig. 3. MOND prediction of the relation between shell expansion ve-
locities and their host-galaxy baryonic masses – a multibranched anal-
ogy of the baryonic Tully-Fisher relation. Each branch corresponds to
a certain shell serial number n. The thickness of the drawn branches
corresponds to the deviation of ±10% from the values given by Eq. 10.
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Fig. 4. Radius r10,c expressed in units of rmax as a function of the galaxy
mass, effective radius re, and Sérsic index ν (the function z10,c(θ, ν) in
Eq. 20). Above this radius, circular velocity differs by less than 10%
from its asymptotic value. The MOND transitional radius rM is con-
nected to the mass of the galaxy by Eq. 19. The radius rmax is defined
as the maximum of re and rM. The ratio rM/re can be determined ob-
servationally from Eq. 22. The circles denote the galaxies from the
ATLAS3D sample of local elliptical and lenticular galaxies.
We pretend that we have measured the shell expansion velocity
for a lot of shells in many galaxies and that they are large enough
(see Sect. 4) that their expansion velocities have already reached
their asymptotic values. Then Eq. 10 indicates that shell veloc-
ities and galaxy baryonic masses would form a multibranched
analogy of the baryonic TF relation (Fig. 3). Each branch cor-
responds to a certain shell serial number n. Or, in another for-
mulation, if we measured the ratio of the circular and expansion
velocity for a lot of shells, then the histogram of this ratio would
form a series of equidistant peaks. The separations between the
neighboring peaks would be
√
2pi.
a given distance from the potential center. Thus, the particle trav-
els across the inner region, where the real potential deviates sub-
stantially from the logarithmic one, in an arbitrarily short time.
For this reason, the period time for a real MOND potential is
also given by Eq. 8 for very large r. Finally, Eq. 6 indicates that
the expansion velocity of the n-th shell asymptotically reaches
the value of
Ve,n =
1
(n + 1/2)P.r. (∞)
=
4√GMa0√
2pi (n + 1/2)
, (9)
or, in the terms of the asymptotic circular velocity,
Ve,n =
Vc√
2pi (n + 1/2)
. (10)
We show an example of a shell expansion curve for a galaxy
with the de Vaucouleur’s profile, M = 1010 M, and an effective
radius of 5 kpc in Fig. 2.
4. Where are the asymptotic relations for the
circular and shell expansion velocity valid?
In the previous section, we derived results that are exactly valid
only for infinitely large shells. But the real galaxies have only
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Fig. 5. Radius r10,c in units of the effective radius re (the function
y10,c(θ, ν) in Eq. 17). Similar to Fig. 4. Measuring the circular veloc-
ity above r10,c ensures that we can verify observationally the baryonic
Tully-Fisher relation without introducing systematic errors that are too
large.
finitely sized shells. Thus we can never measure the asymptotic
velocities. This effect brings a systematic error into the mass-
velocity relations found in the previous section. For shell veloc-
ities, this effect causes blending of the neighboring branches. To
verify the predicted mass-velocity relations observationally, we
must use only sufficiently large shells.
In this section, we are interested in the radii r10,c and r10,e
beyond which the circular velocity and shell expansion veloc-
ity, respectively, differ by less than 10% from their asymptotic
values. The symbol r10 stands for r10,c or r10,e anywhere we can
speak about them interchangeably. The choice of the deviation
lower than 10% allows us to discern the branches corresponding
to the shells numbers 0-3 in the mass vs. shell expansion velocity
relation (see Fig. 3) – supposing that Eq. 6 works precisely and
the observational errors in the galaxy mass and shell velocities
are negligible. The radius r10 depends, of course, on the distri-
bution of the baryonic matter. We investigated r10 for a grid of
Sérsic spheres.
4.1. Modeling the rotation and expansion curves
The Sérsic profile describes the surface density of most ellipti-
cal galaxies and bulges of disk galaxies well. The Sérsic surface
density profile (Sérsic 1963) is defined as
Σ(r) = Σe exp
−bν
( rre
)1/ν
− 1

 . (11)
Here ν denotes the Sérsic index: the degree of concentration, re,
the effective radius that encloses one half of the total mass (in
projection) and Σe the surface density at the effective radius. The
term bν is a function of the Sérsic index ν. It must be chosen so
that the definition of re is valid.
The problem of finding r10 must be solved numerically. For
this purpose, we created a grid of Sérsic spheres. We used the
approximate analytic deprojection of the Sérsic profile proposed
by Lima Neto et al. (1999) with numerical constants updated by
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Fig. 6. Radius r10,e expressed in the units of rmax as a function of
the galaxy mass, effective radius re, and Sérsic index ν (the function
z10,e(θ, ν) in Eq. 20). Above this radius, shell expansion velocity differs
by less than 10% from its asymptotic value. The MOND transitional ra-
dius rM is connected with the mass of the galaxy by Eq. 19. The radius
rmax is defined as the maximum of re and rM. The ratio rM/re can be de-
termined observationally from Eq. 22. The circles denote the galaxies
from the ATLAS3D sample of local elliptical and lenticular galaxies.
Márquez et al. (2000)
ρ(r) = ρ0
( r
c
)−p
exp
[
−
( r
c
)1/ν]
, (12)
where
p = 1.0 − 0.6097/ν + 0.05563/ν2, (13)
ρ0 =
M
4piνc3Γ
[
(3 − p)ν] , (14)
and
c =
re
exp [(0.6950 + ln ν) ν − 0.1789] . (15)
The variable M denotes the total baryonic mass of the galaxy.
To recalculate the Newtonian gravitational acceleration to
the MONDian one, we used the algebraic relation (Eq. 1). We
used the interpolating function
µ(x) =
x
x + 1
. (16)
The radius r10 is clearly a function of the parameters of the
Sérsic sphere re, ν, M and of the basic physical constants G
and a0. From the dimensional grounds, this function has to have
the form of
r10 = re y10 (θ, ν) , (17)
where
θ =
rM
re
. (18)
The variable
rM =
√
GM
a0
(19)
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Fig. 7. Radius r10,e in the units of the effective radius re (the function
y10,e(θ, ν) in Eq. 17). Similar to Fig. 6. Measuring the circular velocity
above r10,e ensures that we are able to verify the mass vs. shell expansion
velocity relation observationally without introducing systematic errors
that are too large.
is the MOND transitional radius. After that we reveal the func-
tion y10, which will allow us to determine practically the radius
r10 in the units of re once θ and ν are measured. This function is
discussed in Sects. 4.2 and 4.3.
From the theoretical point of view, another function is more
interesting than y10. One naively expects that r10 is greater than
both re and rM. It should be greater than re to enclose the major-
ity of the galaxy’s mass and greater than rM because the MOND
effect that causes the asymptotic flattening gets into action for
r > rM. Therefore we rearrange Eq. 17 to the form
r10 = rmax z10 (θ, ν) , (20)
where
rmax = max (re, rM) . (21)
The function z10 (θ, ν) is discussed in Sects. 4.2 and 4.3.
According to Eq. 17, we do not have to deal with many com-
binations of M and re when recovering the functions y10 and z10,
but it is enough to vary only θ, which is the ratio of rM (deter-
mined by M) and re. The parameter θ was varied between 10−1.5
and 101.5 and ν thorough the range in which the approximate
deprojection works well, which is 0.6 to 10 (Lima Neto et al.
1999). We calculated the expansion and rotation curve for each
of these Sérsic spheres and looked for the radius r10.
It is well known that the Sérsic parameters of galaxies cor-
relate with each other (e.g., Graham 2002). Our grid therefore
includes such galaxy profiles that do not actually occur in nature
or are very rare. To show which parts of our maps of the func-
tions y10 and z10 are populated by real galaxies, we also plotted
the ATLAS3D galaxy sample in them. This is a complete sam-
ple of 260 well-studied elliptical and lenticular galaxies closer
than 42 Mpc and with stellar mass greater than 6×109 M (Cap-
pellari et al. 2011). We used the tabled values of their absolute
magnitudes in the K band (Cappellari et al. 2011) to estimate
their masses. We assumed the mass-to-light ratio of 1 in the K
band for all the galaxies. We used the values of ν and re from the
Sérsic fits by Krajnovic´ et al. (2013).
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The parameter θ can be estimated easily for an observed
galaxy. When its image is fitted by the Sérsic profile, θ can be
calculated as
θ =
703
re[′′]
Υ1/2 10(M−m)/5, (22)
where Υ is the mass-to-light ratio of the galaxy in the solar units,
M the absolute magnitude of the Sun, and m the apparent mag-
nitude of the galaxy.
It is worth noting that θ2 is proportional to the average sur-
face brightness of the galaxy L/2pir2e .
4.2. Circular velocity
Circular velocity measured at the radius r is generally equal to
vc(r) =
√
ra(r), (23)
where a(r) denotes the acceleration at the radius r, supposing
isolated spherically symmetric mass distribution.
The map of the function z10,c (r10,c expressed in the units of
rmax) of the variables θ and ν is shown in Fig. 4. The radius r10,c
is typically between 1 and 2 rmax for our models, as well as for
the ATLAS3D sample. Interestingly, r10,c is very low or numeri-
cally indistinguishable from zero for some of our models. This
occurs when the effective radius is comparable with the MOND
transitional radius and the Sérsic index is greater than about 2.
In such cases, the galaxy mass profile is in balance with the tran-
sition from the Newtonian to the deep-MOND regime. We can
see that the galaxies with the rotation curve flat from the center
really occur in the ATLAS3D sample.
When testing the baryonic TF relation in elliptical galaxies
(not only using shell spectroscopy), one should use only the mea-
surements of the circular velocity at the radii greater than r10,c in
order not to introduce too large systematic errors. For the pur-
poses of the practical determination of the radius r10,c, we gener-
ated Fig. 5, where the radius r10,c is drawn in the units of re. For
a number of ATLAS3D objects, the rotation curve approaches its
asymptotic value at many effective radii. This is not very surpris-
ing if we note that such object have θ  1; i.e., the deep-MOND
regime is reached at many effective radii. These objects corre-
spond to high surface brightness galaxies.
4.3. Shell expansion velocity
The expansion velocity of the n-th shell at the galactocentric ra-
dius r, vs,n(r), can be calculated using Eq. 6. The sought function
z10,e (r10,e expressed in the units of rmax) of the parameters θ and
ν is shown in Fig. 6. We can see that r10,e is often comparable
to rmax. A region in this map also exists where r10,e is very low
so that the velocity of shells already reach its asymptotic value
in the center of the galaxy. This occurs when the effective radius
is comparable to the MOND transitional radius and the Sérsic
index is greater than about 2.
When verifying observationally the mass vs. shell expansion
velocity relation, one should use only the shells greater than r10,e
in order not to introduce systematic errors that are too large (see
the introduction of Sect. 4). For the purposes of the practical de-
termination of the radius r10,e, we generated Fig. 7, where the
radius r10,e is drawn in units of re. For most of our modeled Sér-
sic spheres, r10,e is lower than r10,c; i.e., the expansion velocity
reaches its asymptotic value typically at a lower radius than the
circular velocity. Again, for the high surface brightness galaxies
with high θ, the shell expansion velocity reaches the asymptotic
value at more than ten effective radii.
5. Revealing the shell formation history from
spectra
Given an image of a shell galaxy, what is the serial number of
a particular shell is not evident. If we believe that MOND works
in elliptical galaxies, then we are able to derive the gravitational
potential from the distribution of the observable matter. This en-
ables us to determine the serial number of a shell from its spec-
tral line profile. Indeed, Eq. 6 indicates that
n =
[
vs,n(r)
P. (r)
r.
]−1
− 1
2
. (24)
If we know the serial number of a shell, we can derive the time
since the decay of the secondary using Eq. 5 (or a more precise
one, see Ebrová et al. 2012 or Bílek et al. 2013). If the ages of
all shells in the system are measured, we would be able to re-
veal the number of shell generations (see, e.g., Bílek et al. 2013;
Cooper et al. 2011; Dupraz & Combes 1987; Salmon et al. 1990)
present in the system. Then we could determine the original di-
rection of the arrival of the secondary. The functionality of the
shell identification method (Bílek et al. 2013, 2014a) could also
be independently tested in this way.
6. Expected asymptotic expansion and circular
velocities for several observed shell galaxies
In this section, we roughly estimate the asymptotic circular and
shell expansion velocities for several real Type-I shell galaxies
assuming MOND gravity. The shells in galaxies NGC 3923 (e.g.,
Prieur 1988) and NGC 7600 (e.g., Turnbull et al. 1999) have
been known for a long time. In spite of their prominence, the
shells in NGC 410 and NGC 3099 have not been reported yet.
For obtaining the surface density profile of NGC 3923, we
fitted the Sérsic profile to its near-infrared image taken by the
Spitzer space telescope. We used the same data, M/L ratio, and
the galaxy distance from Earth as in Bílek et al. (2013).
For NGC 7600, NGC 410, and NGC 3099, we started from
their SDSS (Sloan Digital Sky Survey, see, e.g., Ahn et al. 2014)
images in the g, r, and i bands. We fitted each of them by the
one-component Sérsic profile in Galfit (Peng et al. 2002). The
integrated magnitudes in the g, r, and i bands, and the corre-
sponding color indices were determined from these data. The
approximate M/L ratios were obtained from the color indices us-
ing the tables of Bell et al. (2003). We assumed a constant M/L
across the whole volume of the galaxies. We get the Galactic ex-
tinction coefficients and the distances of these objects from the
NASA/IPAC Extragalactic Database. We used the Sérsic-profile
parameters re and ν from the fit in the g band.
We also tried to determine the number of shells greater than
r10,e and r10,c. For the galaxies NGC 410 and NGC 3099, we de-
termined those numbers by visual inspection of their SDSS im-
ages. For the galaxies NGC 3923 and NGC 7600, we adopt their
shell radii lists from Bílek et al. (2013) and Turnbull et al. (1999),
respectively. The results are shown in Table 1.
7. Summary
Spectral lines of stellar shells in symmetrical shell galaxies are
predicted to have a quadruple-peaked profile (see Fig. 1, Jílková
et al. 2010), and the separations between the peaks can be used
for measuring the circular velocity at the edge of the shell and
the expansion velocity of the shell itself (Ebrová et al. 2012).
Such a measurement will, however, probably become feasible
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Table 1. Physical characteristics and predicted circular and expansion
velocities for a few shell galaxies.
NGC 410 3099 3923 7600
D [Mpc] 66.1 207 23 44.2
re [kpc] 11 20 26 4.9
M [1011 M] 4.9 7.8 7.8 1.2
ν 3.8 3.9 6.1 3.7
rM [kpc] 24 30 31 12
θ 2.3 1.5 1.2 2.4
Vc [km s−1] 298 334 336 208
Ve,0 [km s−1] 238 267 268 166
Ve,1 [km s−1] 79 89 89 55
Ve,2 [km s−1] 48 53 54 33
Ve,3 [km s−1] 34 38 38 24
r10,c [re] 2.0 0.2 0.0 2.4
r10,e [re] 1.2 0.0 0.0 1.4
N(>r10,c) 6 2-3 27 6
N(>r10,e) 8 2-3 27 13
Notes. D – Distance of the galaxy from Earth; re – Effective radius;
M – Stellar mass of the galaxy; ν – Sérsic index; rM – MOND tran-
sitional radius; θ – Parameter defined by Eq. 18; Vc – Asymptotic cir-
cular velocity; Ve,n – Asymptotic expansion velocity of the n-th shell;
r10,c – Minimum large-enough radius for measuring the asymptotic cir-
cular velocity; r10,e – Minimum large-enough radius for measuring the
asymptotic expansion velocity; N(> r10,c) – Number of shells suitable
for verifying the baryonic TF relation; N(> r10,e) – Number of shells
suitable for verifying the mass vs. shell expansion velocity relation.
when better instruments are available because of the faintness of
the shells. In the present paper, we were interested in the MOND
predictions regarding these two types of velocities for very large
shells. Both these velocities asymptotically reach constant values
(Sect. 3). The asymptotic value of the circular velocity is given
by Eq. 7 (known from the early days of MOND) and that of the
shell expansion velocity by Eq. 10 (new result).
The formula for the asymptotic circular velocity expresses
the baryonic Tully-Fisher relation. MOND predicts that it holds
true equally for both disk and elliptical galaxies. In the dark mat-
ter framework, nothing like that is expected. Tests of the bary-
onic Tully-Fisher relation in elliptical galaxies are rare. When
shell spectra become available, they will help us to improve this
insufficiency.
From the formula for the asymptotic expansion velocity, we
expect in MOND that the baryonic masses of the shell galax-
ies, together with the expansion velocities of their shells, form
a multibranched analogy of the baryonic Tully-Fisher relation
(Fig. 3). Each branch corresponds to a certain shell serial num-
ber.
We investigated at which galactocentric radius the circular
and expansion velocities approximately reach their asymptotic
values. Only the shells larger than this radius can be used for
verifying the mass-velocity relations we spoke about without in-
troducing large systematic errors. For the circular velocity, this
applies for all types of measurement, not only those using the
shell spectra. More specifically, we investigated the radius r10,
above which the circular or expansion velocity differs by less
than 10% from its asymptotic value. The radius r10 was sought
numerically for a grid of Sérsic spheres (Sect. 4). The map of r10
as a function of the Sérsic index, and the galaxy’s mass and ef-
fective radius is presented as Fig. 5 for the circular velocity and
as Fig. 7 for the shell expansion velocity. Since not all Sérsic
spheres that can be constructed theoretically occur in nature, we
also plotted the ATLAS3D sample of local elliptical and lentic-
ular galaxies into these figures. We can see that the rotation or
expansion curve is constant with radius for many of these ob-
jects, while for others the curves reach their asymptotic values at
many effective radii.
We illustrated our results on the shell galaxies NGC 410,
3099, 3923, and 7600 (Sect. 6). For these objects, we roughly
estimated the asymptotic circular and expansion velocities pre-
dicted by MOND, the radii r10, and the number of shells that are
suitable for testing the mass-velocity relations for the circular
and shell expansion velocities (Tab. 1).
If MOND proves to work in elliptical galaxies, then the shell
serial numbers can be derived from the shell spectra, too. The
knowledge of the shell serial numbers in a galaxy allows many
details about the shell system formation to be revealed including
the time since the merger (Sect. 5).
To reach these results, we assumed that the shells stem from
a radial minor merger, that the disruption of the smaller galaxy
is most efficient when it goes through the larger galaxy’s center,
and that the gravitation potential can be defined in MOND.
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